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The goal of this short note is to show that the formulas I derived originally in [1] regarding the
errors introduced in quantum logical operations by the quantum nature of the control fields apply
even in the situation discussed recently by Ozeri et al. in [10], where the decoherence-inducing
spontaneous Raman scattering is considerably suppressed.
I. INTRODUCTION
A few years ago I argued [1] that the quantum fluc-
tuations in a laser field used to do quantum logic on an
atomic system would introduce an error probability per
operation that scaled, for a coherent state, as the inverse
of the total number of photons in the pulse. This result
was in agreement with results obtained independently,
at around the same time, by other authors, using a wide
range of diverse methods [2–4].
Not long afterwards, Itano [5] argued, on the basis
of the Mollow transformation [6], that, for a coherent-
state pulse, the only decoherence should be that aris-
ing from spontaneous emission. A spirited discussion
followed [7, 8], but eventually the dust settled and the
various results were shown to be quite compatible: in
particular, for an ordinary, dipole-allowed atomic transi-
tion in free space, 1/n was shown [8] to be of the order of
the spontaneous emission probability into the solid angle
of the incident beam, which is, of course, always less than
the total spontaneous emission rate, and hence a proper
lower bound to the total error probability claimed by
Itano. In the process, a tighter lower bound was found,
that could be written as 1/n′, where n′ is not the to-
tal number of photons in the pulse but only the number
within an area σ equal to the total resonant scattering
cross-section for an atomic dipole transition. The ratio
1/n′ turned out to be equal, up to numerical factors of
the order of unity, to the total probability of spontaneous
emission in any direction during the time of a nontrivial
logical operation (e.g., a bit flip, or π pulse). Thus, if ǫ
is the total error probability for such an operation, one
generally would have ǫ ≥ 1/n′ ≥ 1/n.
Meanwhile, in an unpublished note [9], I had argued
that the same constraint would apply to a quantum log-
ical operation that proceeded via a Raman, two-photon
process. In a very interesting, recent paper [10], however,
the Boulder group has shown that when the Raman tran-
sition involves two upper levels both about equally de-
tuned from resonance (that is, the spacing between upper
levels is ∆f and the single-photon detuning is ∆≫ ∆f ),
the state-changing, or Raman, part of the spontaneous
∗jgeabana@uark.edu
emission is considerably suppressed, and the total deco-
herence of the ion is proportional to only this fraction
of the spontaneous emission, so it is considerably sup-
pressed as well.
Under these circumstances, it is natural to ask if the
original estimates [1–4] for the error probability as a func-
tion of the total number of photons in the pulse still ap-
ply. I show below that they do. Caveat: none of what
follows attempts to track down very carefully numerical
factors of the order of 2.
II. ERROR PROBABILITY AS A FUNCTION
OF n FOR THE SETUP IN [10]
According to Ozeri et al., [10], in their setup the ef-
fective Rabi frequency for the two-mode transition is re-
duced by the same interference mechanism that reduces
the Raman scattering rate, so that it now scales as 1/∆2
for large ∆. I take this to mean that the “ordinary” effec-
tive Rabi frequency for a two-photon Raman transition,
proportional to g2/∆, is reduced by a factor ∆f/∆, so
Ωeff =
g2
∆
∆f
∆
=
g2∆f
∆2
(1)
(I attempt to use the notation of [10] throughout; see
below for an explicit expression for g).
Ozeri et al. also state that the total number of photons
scattered during a 2π pulse goes as 2πγ/∆f , whereas the
spontaneous Raman scattering over the same time goes
down as 1/∆2. I take this to mean that the probability
to emit a spontaneous Raman (state-changing) photon
during a π pulse is proportional to
ǫ =
πγ
∆f
(
∆f
∆
)2
(2)
and I identify this (up to a factor of the order of unity)
with the gate error probability for this bit-flip operation.
Since the time, T , for the π pulse must satisfy ΩeffT =
π/2, we clearly have, from Eq. (1),
∆f
∆2
=
π
2g2T
(3)
and using this in Eq. (2)
ǫ =
π2γ
2g2T
(4)
2or introducing g = Ed/2h¯ (where E is the laser field
amplitude and d the S → P transition’s atomic dipole
moment), and γ = (1/4πǫ0)(4ω
3d2/3h¯c3), as typical
Rabi frequencies and radiative decay rates for an electric-
dipole allowed transition, we get
ǫ =
8π3
λ2
h¯ω
3ǫ0cE2T
(5)
Finally, note that according to [10], E2 = 2I/cǫ0, where I
is the laser intensity (power per unit area), and introduce
σ = 3λ2/2π, the total resonant scattering cross-section
for an atomic dipole transition. Eq. (5) can then be writ-
ten as
ǫ = 2π2
h¯ω
IσT
≥
1
n′
(6)
where n′ is the number of laser photons in the volume
σcT , and can be interpreted as the number of laser
photons that interact effectively with the atom. Since
σ < λ2, for any laser pulse of duration T focused to
a spot larger than one wavelength in radius, the total
number of photons in the pulse, n, will be larger than n′,
so we still have
ǫ ≥
1
n′
≥
1
n
(7)
as a bound on the achievable error in a quantum logical
gate that uses a control field with n photons, as in my
original paper [1], and in the Reply [8].
III. DISCUSSION
The suppression of decoherence illustrated in [10] is
certainly very interesting, and the authors’ analysis is
very illuminating, but the calculations in the previous
section show that, when it comes to doing quantum logic,
one still essentially has to “buy” the increased fidelity at
the expense of increased energy in the control field, in
agreement with the prediction already made in [1], and
the tighter limit derived in [8]. It is, therefore, justified
to consider this as yet another instance of the validity of
the result, concerning energy requirements for quantum
logic, which I first postulated generally in [11], and for
which, to date, no counterexamples have been found.
A simple way to understand the idea behind [11] is
to consider that, at a minimum, the qubit system has to
couple to the control system, and if the latter is quantum
in nature this means the qubit couples to the control’s
quantum fluctuations, as well as to its deterministic part.
Under these circumstances, the maximum achievable fi-
delity must be limited by the signal-to-(quantum) noise
ratio of the control; for a control in a coherent state, in
appropriate (energy) units, this ratio is n:1, leading to
the result (7).
I would like to stress that this concept of “decoherence
induced by the quantum nature of the control system”
is a perfectly legitimate one; it just, by its very nature,
tends to underestimate the total decoherence. The re-
cent work of Silberfarb and Deutsch [12] can be used to
make the point. They find that the effective single-mode
(Jaynes-Cummings-type) approaches to the atom-laser
field interaction [3] actually predict the correct amount of
atom-field entanglement, even for an atom in free space
interacting with a paraxial beam, as long as the total de-
coherence rate for the system remains small. This entan-
glement (which clearly arises from the quantum nature
of the field!) would, by tracing over the field state, result
in a decoherence of the atomic qubit of the order of 1/n.
The subtle point (already conceded in [8], and recently
independently confirmed by the analysis of [13]) is that,
for a field in a coherent state, this is not in addition to,
but rather implicitly contained in, the total decoherence
rate that one would calculate, using the Mollow transfor-
mation, for the same system, and that one would, in this
picture, attribute to spontaneous emission only.
We have, therefore, two different, overlapping ap-
proaches, each with its strengths and weaknesses. The
Mollow transformation, of course, does not apply if the
field is not in a coherent state, but where it applies
it leads more naturally to the tighter limit ǫ > 1/n′
(which does not suffer from the “area paradox” originally
pointed out by Itano [5]). The “control-induced decoher-
ence” viewpoint, on the other hand, makes it easier to
see that the limit ǫ > 1/n must still apply, even in sit-
uations like the one considered in this note, for which,
in the words of [10], “the total scattering rate gives a
pessimistic measure of decoherence.”
Finally, I should point out that M. Ozawa and I have
recently shown [14] that his “conservation-law induced
quantum limit,” or CQL (see [4, 15]), holds, in the
rotating-wave approximation, for a wide range of atomic
systems, including multilevel, Raman-coupled atoms in-
teracting with a multimode vacuum. From this we can
show quite rigorously that, for coherent-state fields, a
scaling of the infidelity with n of the form ∼ 1/n must
hold in all these systems. We also show in [14] (keeping
very careful track, this time, of all the factors of 2) that
this CQL is related, in a certain limit, to the field’s phase
fluctuations only. While this means that the CQL is not,
typically, the tightest possible limit of the form (7) that
may apply in a particular situation, it is, however, as far
as we can tell, an inescapable one.
[1] J. Gea-Banacloche, Phys. Rev. A 65, 022308 (2002). [2] J. P. Barnes and W. S. Warren, Phys. Rev. A 60, 4363
3(1999).
[3] S.J. van Enk and H.J. Kimble, Quant. Info. Comput. 2,
1 (2002)
[4] M. Ozawa, Phys. Rev. Lett. 89, 057902 (2002).
[5] W. M. Itano, Phys. Rev. A 68, 046301 (2003).
[6] B. R. Mollow, Phys. Rev. A 12, 1919–1943 (1975).
[7] S.J. van Enk and H.J. Kimble, Phys. Rev. A 68, 046302
(2003).
[8] J. Gea-Banacloche, Phys. Rev. A 68, 046303 (2003).
[9] J. Gea-Banacloche, e-print quant-ph/0212027 v2.
[10] R. Ozeri, C. Langer, J. D. Jost, B. L. DeMarco, A. Ben-
Kish, B. R. Blakestad, J. Britton, J. Chiaverini, W. M.
Itano, D. Hume, D. Leibfried, T. Rosenband, P. Schmidt,
and D. J. Wineland, quant-ph/0502063.
[11] J. Gea-Banacloche, Phys. Rev. Lett. 89, 217901 (2002).
[12] A. Silberfarb and I. H. Deutsch, Phys. Rev. A 69, 042308
(2004).
[13] H. Nha and H. J. Carmichael, Phys. Rev. A 71, 013805
(2005).
[14] J. Gea-Banacloche and M. Ozawa, “Constraints for quan-
tum logic arising from conservation laws and field fluc-
tuations,” to appear in J. Optics B: Quantum Semiclass.
Opt. (Upcoming special issue on Quantum Control.) See
also the talk F4.00009 at the upcoming DAMOP meeting
(http://meetings.aps.org/Meeting/DAMOP05/)
[15] M. Ozawa, Int. J. Quantum Inf. 1, 569 (2003).
